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Holzer, using a deep theorem, proved that if the Legendre equation ax2+by2&
cz2=0 is in normal form and has a nonzero solution then there is a solution with
|x|- bc, | y|- ac and |z|- ab. The first elementary proof of this result was
given by Mordell with a small gap filled by Williams. We give a new elementary
proof of this theorem. We show in fact that the lattice of solutions of the congruence
ax2+by2&cz2#0 (mod abc) that is constructed in most textbook proofs of Legendre’s
theorem always contains such a solution.  1998 Academic Press
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Several papers have been written on the existence of small solutions of
the Legendre equation
ax2+by2&cz2=0, (1)
where a, b and c are positive integers. The equation is said to be in normal
form if a, b, c are squarefree and pairwise relatively prime. Legendre’s
theorem is the statement that if (1) is in normal form then it has a nonzero
integer solution if and only if bc, ac and &ab are quadratic residues modulo
a, b and c respectively or what amounts to the same thing (1) has a solution
(x, y, z) (mod p) with p |% xyz for all primes p dividing abc.
There are two norms commonly used in the discussion of small solutions
of (1). The first is a weighted sup norm defined by
&(x, y, z)&1=max { |x|- bc ,
| y|
- ac
,
|z|
- ab= ,
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and the second a weighted Euclidean norm defined by
&(x, y, z)&2=(ax2+by2+cz2)12.
It is of interest to note that if u=(x, y, z) is a solution of (1) then &u&2=
- 2abc &u&1 and so, restricted to the set of solutions of (1), & }&1 and & }&2
take on minimum values at the same points.
Holzer [2], using a deep theorem of Hecke, established that if (1) is in
normal form and has a nonzero integer solution then there is a nonzero
solution with
|x|- bc, | y|- ac, |z|- ab, (2)
that is, with &(x, y, z)&11. It is easy to see that for solvable equations of
the type x2+ y2&cz2=0 any nonzero solution must have &(x, y, z)&11,
and so in general the inequality in (2) cannot be sharpened. Mordell [4]
gave an elementary proof of Holzer’s theorem but there was a slight omission
in his proof. Williams [5] filled in the gap in Mordell’s proof and at the same
time extended Holzer’s theorem to arbitrary Legendre equations. The reader
is referred to Williams’ paper for further historical discussion. For simplicity
we shall call a solution of (1) a small solution if it satisfies Holzer’s bound (2),
or equivalently the bound ax2+by2+cz22abc.
Suppose that (1) is in normal form and that the necessary residuacity
conditions for solvability hold. A standard textbook proof of Legendre’s theorem
is to consider (1) modulo a, b and c respectively and obtain a system of
linear congruences
by&*1z#0 (mod a)
ax&*2z#0 (mod b) (4)
ax&*3 y#0 (mod c)
such that any solution of the system (4) satisfies the congruence
ax2+by2&cz2#0 (mod abc). (5)
Here, *1 , *2 and *3 are any choice of squareroots of bc, ac and &ab
modulo a, b and c respectively. The set of solutions of (4) is a lattice L in
Z3 of volume abc and so by Minkowski’s fundamental theorem (or the box
principle) the lattice has a nonzero point satisfying (2). This point satisfies
either (1) or ax2+by2&cz2=abc. In the latter case one makes a clever
transformation of variables to obtain a solution of the Legendre equation
at the expense of blowing up the size of the solution. Cassels [1] rectified
this blow-up problem by considering further congruence conditions modulo
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powers of 2 and by so doing obtained a nonzero solution of the Legendre
equation with
ax2+by2+cz2<253abc
which, however, falls short of the Holzer bound. In this paper we refine
Cassels’ proof and show in fact that the lattice L of solutions of (4)
contains a small solution of (1).
Theorem. Suppose that the Legendre equation (1) is in normal form and
that bc, ac and &ab are quadratic residues modulo a, b and c respectively.
Then any lattice L of solutions of (5) as defined by (4) contains a small
solution of (1).
We note that the minimal point in L with respect to & }&1 need not be
a solution of (1), indeed it may satisfy ax2+by2&cz2=abc. However, as
our proof will show there is an easily constructed sublattice L$ of L of
index 2, whose minimal nonzero point is a small solution of (1). Thus
lattice basis reduction may be employed for determining the solution. This
is discussed in more detail in Mitchell [3].
Proof. Suppose first that a=b=1 and that c is a squarefree positive
integer such that &1 is a quadratic residue (mod c). Let L be the lattice
of points defined by (4), which in this case is just the congruence x&*3 y
#0 (mod c); z is arbitrary. This congruence defines a lattice of points
(x, y) in Z2 of volume c and so by Minkowski’s theorem there is a nonzero
point in the lattice with x2+ y2<2c. Since x2+ y2#0 (mod c) we must
have x2+ y2=c. Thus (x, y, 1) is a point in L that is a small solution
of (1).
Suppose now that a, b, c are squarefree pairwise relatively prime positive
integers with (a, b){(1, 1) and that L is a lattice of solutions of (5) as
defined by (4). By considering various cases we shall construct a sublattice
L$ of L of index 2 satisfying the congruence
ax2+by2&cz2#0 (mod 2abc). (6)
Case i. If a, b and c are all odd then we let L$ be the sublattice of L
satisfying the additional congruence x+ y+z#0 (mod 2). It is plain that
a point in L is a solution of (6) if and only if it is in L$. Moreover
[L : L$]=2.
Case ii. Suppose next that a or b is even, say without loss of generality
a. In this case any point in L satisfies y#z (mod 2); this is just (4) read
(mod 2). If b#c (mod 4) then we let L$ be the sublattice of index 2 satisfying
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the additional congruence x#0 (mod 2). Any point in L$ satisfies ax2+
by2&cz2#b( y2&z2)#0 (mod 4), and therefore is a solution of (6). If b#
&c (mod 4) then we let L$ be the sublattice satisfying the additional
congruence x#y (mod 2). This time any point in L$ satisfies ax2+by2&
cz2#x2(2+b&c)#x2(2+2b)#0 (mod 4), and therefore is a solution of (6).
Case iii. Suppose finally that c is even. Then any point in L satisfies
x#y (mod 2). If a#b (mod 4) we let L$ be the sublattice satisfying x#z
(mod 2). For any point in L$ we have ax2+by2&cz2#x2(a+b&2)#0
(mod 4). If a#&b (mod 4) then we let L$ be the sublattice satisfying z#0
(mod 2). For any point in L$ we have ax2+by2&cz2#x2(a+b)#0 (mod 4).
We now show that the sublattice L$ contains a small solution of (1). Say
L$=AZ3 where A is a 3 by 3 matrix over Z of determinant 2abc, and let
f (x, y, z) be the positive definite ternary form defined by
a 0 0 u
f (u, v, w)=[u v w] AT _0 b 0& A _ v& .0 0 c w
By a theorem of Gauss (see e.g. Cassels [Theorem III, II.3.4]), which can
be proved in an elementary way, there is a nonzero integer point (u, v, w)
with
f (u, v, w)(2D( f ))13=(2 } 4(abc)3)13=2abc.
Here, D( f ) denotes the determinant of the matrix defining f. Moreover the
inequality is strict unless f is equivalent (over Z) to some multiple of f0 :=
x2+ y2+z2+xy+xz+ yz. If such was the case then since D( f0)= 12 and
D( f )=4(abc)3 the multiple must be 2abc. In particular f would be identically
zero modulo 2abc or in other words ax2+by2+cz2#0 (mod 2abc) for all
(x, y, z) # L$. Since we already have (6) holding on L$ it would follow that
z#0 (mod ab) for all points in L$. But it is easy to see, by examining cases
i, ii and iii above, that L$ always contains a point with z=1 unless c is
even and a#&b (mod 4) in which case L$ contains a point with z=2. In
the former case we would have 1#0 (mod ab), that is a=b=1, the case
we have already dispensed with. In the latter case we would have 2#0
(mod ab) and a#&b (mod 4) but this cannot happen.
Thus, in all cases (with (a, b){(1, 1)) there is a nonzero integer point
(u, v, w) with f (u, v, w)<2abc. Set
x u
_y&=A _ v& .z w
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Then (x, y, z) is a nonzero point in L$ satisfying ax2+by2+cz2<2abc. In
particular, |ax2+by2&cz2|<2abc and thus since (x, y, z) satisfies (6) we
have ax2+by2&cz2=0.
For the sake of completeness we repeat here the result of Williams [5],
with a slightly modified proof.
Corollary. Let a, b, c be arbitrary positive integers. If the Legendre
equation (1) has a nonzero solution then it has a nonzero solution satisfying
|x|
- bc
(a, b, c)
, | y|
- ac
(a, b, c)
, |z|
- ab
(a, b, c)
.
Proof. The strategy is to reduce the general Legendre equation to one
in normal form by the standard two step process. We may assume from the
onset that (a, b, c)=1. If (1) is in normal form and has a nonzero solution
then there exists a lattice L of solutions of (5) as defined by (4) and
therefore by the Theorem it has a small solution.
Suppose next that a, b, c are squarefree but not necessarily pairwise
relatively prime. In this case we consider the equation
a(b, c)
(a, bc)
x2+
b(a, c)
(b, ac)
y2&
c(a, b)
(c, ab)
z2=0, (7)
which is in normal form. We note that (x, y, z) is a solution of (7) if and
only if ((b, c) x, (a, c) y, (a, b) z) is a solution of (1). Moreover, if (x, y, z)
is a small solution of (7) then ((b, c) x, (a, c) y, (a, b) z) is a small solution
of (1).
Finally if a, b, c are arbitrary we write a=a1 a22 , b=b1b
2
2 , c=c1c
2
2 , with
a1 , b1 , c1 squarefree, and consider the equation
a1 x2+b1 y2&c1z2=0, (8)
with squarefree coefficients. If (x, y, z) is a small solution of (8) then
(b2c2 x, a2c2 y, a2b2z) is a small solution of (1).
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